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Abstract

This paper deals with free vibration of a nonlinear system having combined linear and nonlinear springs in series. The
conservative oscillation system is formulated as a nonlinear ordinary differential equation having linear and nonlinear
stiffness components. The governing equation is linearized and associated with the harmonic balance method to establish
new and accurate higher-order analytical approximate solutions. Unlike the perturbation method which is restricted to
nonlinear conservative systems with a small perturbed parameter and also unlike the classical harmonic balance method
which results in a complicated set of algebraic equations, the new approach yields simple approximate analytical
expressions valid for small as well as large amplitudes of oscillation. Some examples are solved and compared with
numerical integration solutions and published results. New solutions to the nonlinear systems are also presented and
discussed.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

The Lindstedt—Poincaré perturbation (LP) [1-6] and the classical harmonic balance (HB) methods
[1,3,5-11] are some of the most commonly used asymptotic techniques for solving nonlinear oscillation
systems. The perturbation method is, in principle, useful if there exist small parameters in the nonlinear
systems for which the solution can be analytically expanded into power series of the parameters. The
coefficients of the series are found as solutions of a set of linear problems. However, very frequently small
parameters in many nonlinear problems in science and engineering are not available, for instance, the
Klein—Gordon equation [12] and the Duffing-harmonic oscillator [13,14]. Even if such small parameters exist,
the analytical solutions given by the perturbation methods have, in most cases, a small range of validity.
Although a large nonlinear parameter can be treated by the classical HB method, it yields a set of complicated
nonlinear algebraic equations upon harmonic balancing thus barring availability of simple analytical
solutions. The new approach here extends both the perturbation and HB methods. Instead of nonlinear
algebraic equations, a set of simple linear algebraic equations with accurate higher-order approximate
analytical solutions valid beyond the scope of perturbation method can be obtained.
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In addition to the LP and classical HB methods, there have been many other methods developed for solving
nonlinear oscillation systems, including the KBM method [1-4,6], the multiple scales method [1,3,4,6], which
are applicable to nonlinear oscillation systems even for rather large amplitudes of oscillation. However,
higher-order analytic approximations are usually difficult because they often result in a set of complicated
coupled equations requiring further recursive numerical analysis. Recently, the weighted linearization method
[15], the modified Lindstedt—Poincaré method [16], the power-series approach [17] and the homotopy analysis
method [18] were proposed to solve approximate periods with large amplitude of oscillations. These methods
involve tedious derivations and extensive computations.

Recently, Telli and Kopmaz [19] attempted to solve the motion of a mechanical system associated with
lincar and nonlinear properties using analytical and numerical techniques. It dealt with vibration of a
conservative oscillation system with attached mass grounded by linear and nonlinear springs. The linkage of
the linear and nonlinear springs in series has been derived with cubic nonlinear characteristics in the equations
of motion [19]. As mentioned in Ref. [19], although there exists a vast literature on discrete systems including
either linear or nonlinear springs/restoring forces [3,5], one does not encounter publications on mechanical
systems with single-degree-of-freedom containing flexible component consisting of linear—nonlinear spring in
series, which occurs in technical applications. One similar mechanical model is the conservative Duffing
equation with linear and cubic characteristics governed by a second-order differential equation. The equation
of motion can be formed by transforming intermediate variables into a set of differential algebraic equations
and it may be further transformed into a nonlinear ordinary differential equation. The resulted nonlinear
differential equation was separately solved by using the LP and HB methods and compared with numerical
integration solutions using a built-in ODE-solver in MATLAB.

In an attempt to obtain accurate approximate analytical solutions for the system with combined linear and
nonlinear stiffness, this paper presents an alternative extension of the harmonic balancing method by
linearizing the governing equation prior to harmonic balancing, termed the LHB method [20]. There are
numerous linearization techniques for linearizing nonlinear problems such as equivalent linearization [5,6,21]
and phase space linearization [22,23]. Taylor-series [24—27] and Fourier-series expansions [28,29] have also
been widely used for solving the nonlinear problems. In this context, the governing equation of motion in the
paper is expanded in Fourier series because the elegant convergence of Fourier-series expansions significantly
increases the accuracy of the higher-order analytical approximations. This approach has been proved effective
for various conservative nonlinear oscillations with odd and even nonlinearities [30,31], inertia and static
nonlinearities [32] and nonnatural systems [33]. A system is usually called a nonnatural system if the kinetic
energy is not a quadratic function of the velocity [3,33,34], otherwise it is a natural system. Using this
approach, accurate higher-order analytical approximate periodic solutions in simple linear algebraic
expressions not restricted to a small perturbed parameter are presented. For comparison, numerical
integration solutions are obtained by integrating directly the nonlinear ordinary differential equation
numerically using the Runge—Kutta method, a built-in function in MATHEMATICA. It is concluded from
this analysis that the LP method yields inaccurate results. Although sufficient number of terms for the
perturbed parameter can be included, tedious derivations, computations and complicated implementation
have to be involved and yet they are applicable only to nonlinear equations with the presence of small
parameters. Similarly, the classical HB method with four-term and six-term approximations [19] yields
inaccurate results. More harmonic terms can be included but a set of nonlinear algebraic equations has to be
solved. Hence, numerical analysis is required because there no simple approximate analytical solution is
available.

2. Governing equation of motion and formulation

Consider free vibration of a conservative, single-degree-of-freedom system with a mass attached to linear
and nonlinear springs in series as shown in Fig. 1. After transformation, the motion is governed by a nonlinear
differential equation of motion [19] as

d? dv\’
1+ 3szvz)d—t§ + 6¢zv (d—lz) + wgv + sw§v3 =0, (1)
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Fig. 1. Nonlinear free vibration of a system of mass with serial linear and nonlinear stiffness on a frictionless contact surface [19].

where
¢ = kﬁz @
=g 3
= @
o0\t (s)
with the initial conditions
0(0) = A, %(O) =0 6)

in which ¢, 8, v, w,, m and & are perturbation parameter (not restricted to a small parameter), coefficient of
nonlinear spring force, deflection of nonlinear spring, natural frequency, mass and the ratio of linear portion
k> of the nonlinear spring constant to that of linear spring constant &, respectively. Note that the notations in
Egs. (1)-(5) follow those in Telli and Kopmaz [19].

The deflection of linear spring y;(¢) and the displacement of attached mass y,(¢) can be represented by the
deflection of nonlinear spring v in simple relationships [19] as

»i(0) = &o(t) + e&[o()] (7
and
Y1) = 0(1) + 3, (). ®)
Introducing a new independent temporal variable, 1 = wt, Egs. (1) and (6) become
@?[(1 + 3ezv?)i + 6ezvi*] + a)iu + 8(1)5173 =0 9)
and
v(0) =4, 90)=0, (10)

where a dot denotes differentiation with respect to 7. The deflection of nonlinear spring v is a periodic function
of 7 of period 2%. Based on Eq. (9), the periodic solution v(z) can be expanded in a Fourier series with only odd
multiples of 7, as

v(t) =Y haup1 cos(2n + D). (11)
n=0
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To linearize the governing differential equation, we assume v(r) as the sum of a principal term and a
correction term as [32,33]

u(t) = v1(1) + Avi (7). (12)
Substituting Eq. (12) into Eq. (9) and neglecting nonlinear terms of Av;(t) yields
wz[(l + 3820%)51 + 6821)113%] + a)gvl + swgv? + (uz[(l + 3820%)A1}1 + 2(6ezv101)AD;
+ (6ezv ) + 6821')%)Al)1] + (w? + 3860?17%)Al)1 =0 (13)
and
Avi(0)=0, A (0)=0, (14)

where v(t) = A cost is a periodic function of 7t of period 27.
Making use of v;(tr) = A cost, we have the following Fourier-series expansions:

e A4+ 34> 94°
(1 + 3ez02)iy + 6ezvyi? = > anipr cos(2i+ 1)t = —#cos T — 22 28 0s 31, (15)
i=0
o0 A 2 4 3A2 A3 2
v + v} = szm cos(2i+ ) = W T+ iwe cos 3t, (16)
i=0

2+3z4% 3zA%

1 o0
2 _ 1 ) o
1 4 3ezvy = 200 + 2 ¢; €os 2it 5 + > cos 2t, 17
o0
2(6821)11')1) = ng(,’_,.]) sin 2(l+ 1)‘[ = —6ZA28 sin 2’[, (18)
i=0
1 (o]
6ezv1 ) + 66z = €0+ e cos 2it = —6z4%¢ cos 21, (19)
i=1
1 o 24 34%) w2 34%ew?
a)g + 35(1)31)% = Efo + Zle. cos 2it = 2+ : g)w; + 28(/06 cos 21, (20)
i=1

where a; 1 1, Dot 1, €25, Aot 1y, €2 and f5; for i = 0,1,2,... are Fourier-series coefficients.
2.1. First-order analytical approximation

For the first-order analytical approximation, we set
Avi(t) =0 21
and therefore
v(t) = vi(t) = A4 cos 7. (22)

Substituting Egs. (15)—(21) into Eq. (13), expanding the resulting expression in a trigonometric series and
setting the coefficient of cos t to zero yield the solution of the angular frequency w; where subscript 1 indicates
the first-order analytical approximation. The analytical approximation of w; can be expressed as

4+ 34%)w?
=N 29

v1(f) = A cos[w(A)1]. (24)

and the periodic solution is
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2.2. Second-order analytical approximation

For the second analytical approximation, we set
Avi(t) = xi(cos t — cos 31). (25)

Substituting Egs. (15)-(20) and (25) into Eq. (13), expanding the resulting expression in a trigonometric
series and setting the coefficients of cost and cos3t to zero result in a quadratic equation of w} where
subscript 2 indicates the second-order analytical approximation. The angular frequency w, can be expressed as

—b—Vb* - 4dac

w(A) = 5 , (26)
a
where
a=—1444 — 252247 — 13522 47, 27)
b = 1604w] + 12443 cwr? + 156 4> zeww? + 15024, (28)
c=—1640! - 284%0? — 154° 0! (29)

and a, b and c are the coefficients of the quadratic equation of w3. The solution of w, in Eq. (26) with respect
to +V b* — 4ac is omitted so that w,/w; ~ 1. The periodic solution is

v2(1) = [A + xi(A)] cos[wa(A)1] — x1(A4) cos[3wa(A)1], (30)
where
x1(A) = —[3240% + 2547 e0? + 154726002 + 6472670} — (102447}
+ 14724% 0 + 21124 ze0? + 421 4% 0! + 36544°z6% 0
+9814°222wt + 13804826 w? + 19804° %6 !
+ 9004226 0" /202 (32 + 51 4% 4 21 4% z¢ + 364%z6?)]. (31)

2.3. Third-order analytical approximation

Although the first- and the second-order analytical approximations are expected to agree with other
solutions, the agreement deteriorates as t progresses during the steady-state response. Therefore, the third-
order analytical approximation is derived for more accurate steady-state response. To construct the
hird-order analytical approximation, the previous related expressions must be adjusted due to interaction
between lower-order and higher-order harmonics. Here, Av(t) and v(t) in Egs. (12), (13) and (15)—(20) are
replaced by Av,(t) and v,(z), respectively, and Eq. (13) is modified as

wz[(l + 3821)%)1'}2 + 682021’)3] + w?vz + swgv% + wz[(l + 3szv§)Ai}2 + 2(6ezv,07)AD,
+ (662028 4 662i3)Avs] + (@2 + 3ew?v3)Avy = 0. (32)
The right-hand sides of Egs. (15)—(20) in the third-order analytical approximation are completely different
from the first- and second-order analytical approximations because v(7) is replaced by vy(7) of Eq. (30). The

coefficients of Fourier series in Eqgs. (15)—(20) are presented in Appendix A.
For the third-order analytical approximation, we set

Avy(t) = x2(cos T — cos 37) + x3(cos 37 — cos 57). (33)

Substituting the modified Eqgs. (15)—(20) with v;(t) replaced by v,(r) and Eq. (33) into Eq. (32), expanding
the resulting expression in a trigonometric series and setting the coefficients of cost, cos3t and cos 5t to
zero yield w; as a function of 4. The corresponding approximate analytical periodic solution can then
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be solved, as

v3(1) = [A4 + x1(A4) + x2(A)] cos[wz(A)] + [x3(4) — x2(4) — x1(A)] cos[3w3(A)1]
— x3(A) cos[Sw3(A)1]. (34)

The angular frequency s is the squared-roots of roots of a quartic equation of @3 in the form of
d(@)* + b (@} + (@) +d (@) +¢ =0, (35)

where subscript 3 indicates the third-order analytical approximation and &', b', ¢/, d and ¢’ are coefficients of
the quartic equation of 3. There is a total of eight roots and the particular root which is closest to w, is
identified as the most appropriate solution because ws is a more accurate, higher-order approximation to ;.
Comparison of w3 in the following section shows that it is in excellent agreement with numerical integration
solution for small as well as large amplitudes of oscillation. The quartic equation is presented in a simplified
form in Appendix A where coefficients ¢, ¥, ¢/, d and ¢’ in Eq. (35) can be obtained by rearranging Eq. (A.1)
in the form of Eq. (35). It can be subsequently solved by any symbolic software such as MATHEMATICA for
ws. The constants x, and x3 in Eq. (34) derived in terms of the coefficients of Fourier series are also presented
in Appendix A.

2.4. The limiting case for infinite amplitude A* —

Since the proposed approach is suitable for oscillation amplitudes of any order approximations for the
limiting case of infinite amplitude as 4% — co can be derived. For the first-order analytical approximation, we

have from Eq. (23),
4+ 34%)w?2
lim on(4) = lim M De (36)
A* 00 44+ 34°z¢ \/E

For the second-order analytical approximation, we have from Eq. (26),

—b—Vb —dac w,

1 A li _ = 37
Al—r>noow2( ) Alinoo 2a «/E’ ( )
where a, b and ¢ are given in Egs. (27)—(29).
For the third-order analytical approximation, we first solve
A
11m x1(A4) = (38)

A*—>o00

from Eq. (31). Using Eq. (38), the coefficients of Fourier series a1 1, byt 1, 2 dav1), €2 and f5; for
i=0,1,2,... can be found from Egs. (A.4) to (A.28) which are then substituted into Eq. (A.1). The limiting
case as A> — oo for the resulting equation can be rearranged to form

lim  A*[a(w3) + B(@3)A” + Hw3)A* + d(03)4°] = 0, (39)
A —o0
where

28
lim d(ws;) = ?a(zwg — 02)(22505 — 259502 + 35wint — o), (40)
A*— o0

49
lim b(ws) = —Fz(wa — 0)(25,875z05 — 3211wjw? — 26574z05w?

A’ >0

+2174w30? + 185120308 — 1150°), (41)
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7
lim &w3) = & (zw3 — 0?)(4,605,97522w8 — 2,081, 174z030?
A >0 972 é
— 3,220,815 wiw? + 143, 61503 0! + 572,870z030) — 20,471w}), (42)
319,039
Ahinoo d(w3) = T (20} — 02)* (920} — 0))(2520% — ). (43)

For the limit in Eq. (39) to vanish as A*— o0, the respective coefficients must be zero or
lim 2, d(ws) =lim e b(ws) =1im .o &(w;) =lim . d(ws) = 0. Setting Eqs. (40)—(43) to zero yield
multiple roots and the particular root closest to w, in Eq. (37) is the limit for w;. Following the procedure, we
obtain the limiting third-order analytical approximation as

hm w3(A
A>—>o0 3( ) \/E
Comparing Egs. (36), (37) and (44), we observe that the various approximate analytical solutions yield
identical limiting frequency. Hence, we can also proof that the limiting period for the respective cases is
identical or

(44)

lim T(A4) = nyz . (45)

A* 00 e

3. Approximate results and discussion

To illustrate and verify accuracy of the new approximate analytical approach, a comparison of angular
frequencies via different approaches is presented in Table 1 for different m, A, ¢, ki and k,. The parameter ¢ is
linearly dependent on the coefficient of nonlinear spring force f§ as given in Eq. (2). The latter can be positive
or negative depending on whether the nonlinear spring has hard or soft-spring properties. As discussed in
Ref. [19], for a quasi-harmonic or periodic motion the terms (1 + 3¢z0%)d*v/d¢? and w?v + ew?v’ in Eq. (1) are
guaranteed to be neither non-positive nor zero. The notations LP, HB, 1, 2, 3, n denoted as subscripts of v,
and superscripts of yq,y, refer to the LP method, the HB method using six-term approximation [19], the first-,
second- and third-order analytical approximations of the LHB method and the numerical integration solution,
respectively. The results for w, is numerically obtained from Eq. (1) using the Runge-Kutta numerical

Table 1

Comparison of various approximate angular frequencies with respect to the numerical integration solution

m A € ki k» wrp Eq. (46) oy Eq. (41d) [19] w; Eq. (23) w, Eq. (26) w; Eq. (395) w,
1 0.5 05 50 S 2220197 2.220239 2.220265 2.220231 2.220231 2.220231
1 2 0.5 50 5 3.134986 3.257248 3.162278 3.177242 3.175209 3.175501
1 2 0.5 5 5 1.838180 1.726619 1.889822 1.908164 1.900724 1.903569
1 2 0.5 5 50 2.144360 2.145708 2.192645 2.196361 2.194560 2.195284
3 5 8 16 ** 1.176927 1.612707 1.616354 1.614287 1.615107
3 5 1 10 5 o 1.052717 1.739776 1.753819 1.745984 1.749115
5 10 2 12 16 *x *x 1.545360 1.546115 1.545682 1.545853
5 30 5 15 5 o *x 1.731282 1.731435 1.731347 1.731382

10 200 5 5 250 ** ** 0.707107 0.707107 0.707107 0.707107

10 100 10 5 25 o o 0.707106 0.707106 0.707106 0.707106
1 0.5 -0.5 50 S5 2.038254 2.038207 2.038315 2.038210 2.038209 2.038209
2 2 —0.1 10 10 1.444007 1.458194 1.434860 1.443962 1.445356 1.446389
3 5 —0.02 30 10 1.320867 1.336111 1.313064 1.317663 1.318255 1.318370
4 10 —0.008 6 3 0.519615 0.555358 0.500000 0.510678 0.514250 0.517327

10 5 —0.01 8 16  0.705078 0.706817 0.703732 0.705144 0.705312 0.705412

**Invalid numerical solutions in complex values.
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integration method in combination with the bisection method. The solutions of Eq. (1) using the second-order

LP perturbation method [2] are briefly derived here. By expanding the frequency @? = wi, and the periodic

solution v(t) = vy p(7) of Eq. (9) into a power series as a function of e,

orp = @ +ewp + oy + - (46)
vep(t) = vo(t) + ev1(2) + Eva(t) + -+, T= wrpt 47)
and setting the coefficients of ¢°, ¢' and ¢ as zero yields
vo+vo=0, v(0)=4, (0)=0, (43)
By + 01 = —vp — 620082 — 3z02iy — % 01(0) =0, (0) =0, (49)
e
Uy +1vy= — 31)(2)121 — 621)11% — &EOUO — 12zv90g0; — 6zvov1 Vg — L;ﬂovo
we w(’
203z — 2L 500 =0, 6x(0) =0. (50)
w@ w(’

Solving the linear second-order differential equations (48)—(50) with the corresponding initial conditions, we
obtain,

3 3
W = — ZAzwg(Z —1), @ = @A“wg(lSzz — 14z - 1), (51)

A3
vg = A coswypt,v; = 5(92 — 1)(cos wrpt — cos 3wrpt),

_ A2 3403 o 302D
Uy = 1024 oL 128 o
A’(2252% — 34z + 1)
| 2
1024 cos Swppt .

In Table 1, the percentage errors for different analytical approximations with respect to w,, as a reference are
very small for small parameters m = 1, 4 = 0.5, e = 0.5, k; = 50 and k, = 5. The relative errors of wyp, wyg,
w1, @y and w3 are —0.0015%, 0.0004%, 0.0015%, 0% and 0%, respectively. For larger parameters m = 1,
A=2,6=0.5, k; =5 and k, = 50, the relative errors for the LP and HB methods increase significantly to
—2.3197% and —2.2583%, respectively, but the first-, second- and third-order analytical approximations still
maintain excellent agreement with respect to w,,. The relative errors for these three analytical approximations
are only —0.1202%, 0.0491% and —0.0330%, respectively. For extremely large parameters in Table 1, invalid
complex solutions are obtained using the LP and HB methods implying inapplicability of the methods in these
cases. Even for such extremely large parameters, the three different approximations w;, @, and s are still in
excellent agreement with respect to the numerical integration solution w,. Although numerical integration
methods for Eq. (1) are not restricted to small parameters, it is virtually impossible to predict the limiting
frequency lim ,_, _ w, because an explicit function is not available. For large parameters in the examples for
m=10,4=200,e=5,k =5k, =250and m =10, 4 =100, ¢ = 10, k; = 5, k, = 25, the results w;, w,, w3
and o, are identical. Theoretically speaking, the numerical integration solutions for 4%>— co should be equal
to w,/+/z derived in Egs. (36), (37) and (44). It is also clearly observed that the relative errors for w, m,, w3
and w,, in all cases are stable for different parameters m, A4, ¢, k; and k, indicating that numerical values of the
parameters do not affect the accuracy of analysis, even for soft-spring systems (i.e. ¢<0). Hence, the LHB
approach as proposed here has clear-cut advantage over the LP and HB methods, which have various
restrictions as discussed in Section 1.

To obtain further approximation although it is frequently not necessary, the fourth-order analytical
approximation can be constructed based on the third-order analytical approximation. For illustrative
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Fig. 2. (a) Comparison of deflection of nonlinear spring v(¢) for various analytical approximations and the numerical integration solution
form=1,4=0.5,e6=0.5and £ =0.1 (k; = 50, k, = 5). (b) Comparison of the deflection of linear spring y,(¢) for various analytical
approximations and the numerical integration solutions for m =1, ¢ =0.5 and ¢ =0.1 (k; =50, k, = 5). (c) Comparison of the
displacement of mass y,(f) for various analytical approximations and the numerical integration solutions for m =1, e = 0.5 and ¢ = 0.1
(kl = 50, kz = 5)

purposes, Av,(7) and v»(7) in Eq. (32) can be replaced by Avs(r) and v3(t) and the equation becomes
a)z[(l + 38217%)1'53 + 6821)313%] + a)gv3 + swﬁvg + wz[(l + 3szv§)Ai}3 + 2(6ezv303)AD;
+ (6ezv3ii3 + 6820§)A1)3] + (wg + 38w§v§)Av3 =0. (53)
Setting
Av;3(t) = x4(cos T — cos 37) + x5(cos 37 — cos 57) + x¢(cos 5t — cos 71) (54)

and substituting the modified Egs. (15)—(20), with v;(t) replaced by vs(t) given in Eq. (34), and Eq. (54) into
Eq. (53), then expanding the resulting expression in a trigonometric series and setting the coefficients of cost,
cos3t, cosSt and cos7t to zero yield the results for w = wy4, x4, x5 and xg as a function of 4. The
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Fig. 3. (a) Comparison of the deflection of nonlinear spring v(¢) for various analytical approximations and the numerical integration
solutions for m=1, 4 =2, ¢=0.5 and ¢ =10 (k; = 5, k» = 50). (b) Comparison of the deflection of linear spring y,(¢) for various
analytical approximations and the numerical integration solutions for m =1, ¢ = 0.5 and ¢ = 10 (k; = 5, k, = 50). (c) Comparison of the
displacement of mass y,(¢) for various analytical approximations and the numerical integration solutions for m =1, ¢ = 0.5 and ¢ = 10
(ky =35, ky = 50).

corresponding approximate analytical periodic solution can be expressed as

v4(1) = v3(2) + Avs(7)

[4 + x1(4) 4 x2(4) + x4(A)] cos[w4(A)1]

+ [x5(A) — x4(4) + x3(A4) — x2(4) — x1(4)] cos[3w4(A4)1]

+ [x6(A) — x5(4) — x3(A)] cos[5wa(A)7] — x6(A) cos[Twa(A)1].

(55)

The accuracy of the fourth-order analytical approximation is better than the previous three analytical
approximations, but a set of more complicated and lengthy linear algebraic equations are involved.
To further illustrate and verify accuracy of this new approximate analytical approach, a comparison of the
time history response of nonlinear spring deflection v(¢), linear spring deflection y(¢) and mass displacement
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Fig. 4. (a) Comparison of the deflection of nonlinear spring v(f) for various analytical approximations and the numerical integration
solutions for m = 10, 4 = 200, ¢ = 5 and ¢ = 50 (k, = 5, k, = 250). (b) Comparison of the deflection of linear spring y,(¢) for various
analytical approximations and the numerical integration solutions for m = 10, ¢ = 5 and & = 50 (k; = 5, k> = 250). (c) Comparison of the
displacement of mass y,(¢) for various analytical approximations and the numerical integration solutions for m = 10, e = 5 and & = 50
(ky =5, ky = 250).

yo(2) is presented in Figs. 2-6. Figs. 2-4 consider the nonlinear hard-spring cases while Figs. 5 and 6 are the
nonlinear soft-spring cases. The curves for v,(f), vy p(?), vup(?), v1(?), v2(f) and vs(f) are generated via,
respectively, the numerical solution using MATHEMATICA, Eq. (47), Eq. (41e) from Telli and Kopmaz [19],
Egs. (24), (30) and (34). The curves for y,(¢) and y,(¢) can be obtained through simple relationships in Egs. (7)
and (8) accordingly. In Figs. 2a—c, the analytical approximations and numerical integration solutions are
highly consistent due to smallness of m, A, ¢, k; and k,. In Fig. 3a, the solutions of the LP method is totally
invalid. The curves for the HB method, the first- and second-order LHB method apparently deviate from the
numerical integration solution. However, the third-order analytical approximation maintains excellent
agreement. As accuracy of the linear spring deflection and mass displacement relies heavily on the accuracy of
nonlinear spring deflection, the LP solutions in Figs. 3b and 3c also significantly deviate from the other
solutions.
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Fig. 5. (a) Comparison of the deflection of nonlinear spring v(7) for various analytical approximations and the numerical integration
solutions for m =4, 4 =10, ¢ = —0.008 and ¢ = 0.5 (k; = 6, k; = 3). (b) Comparison of the deflection of linear spring y,(¢) for various
analytical approximations and the numerical integration solutions for m = 4, ¢ = —0.008 and & = 0.5 (k; = 6, k> = 3). (c) Comparison of
the displacement of mass y,(¢) for various analytical approximations and the numerical integration solutions for m = 4, ¢ = —0.008 and
E=0.5(ky =6, ky =3).

To extend applicability and to show flexibility and accuracy of this LHB method for extremely large
parameters, an example for m = 10, A = 200, ¢ = 5, k; = 5 and k, = 250 is presented in Figs. 4. In Figs. 4a—c,
no solution using the LP and HB methods is presented because the angular frequencies obtained are complex
and thus invalid. Hence, these methods are inapplicable for such large parameters. It is clearly observed that
the third-order analytical approximation is in excellent consistency with the numerical integration solution
even for such extremely large parameters. The lower-order approximations are inaccurate at = 0. The
second-order analytical approximation shows significant deviation in the crest and trough of the curve.

Figs. 5-6 show that the LP and HB methods are able to provide useful results for soft-spring cases; the HB
solutions are very inaccurate. Having said so, the higher-order analytical approximations of the LHB method
guarantee sufficient accuracy for both hard- or soft-spring represented by ¢ and also large parameters of m, A,
k, and k, for which the classical LP and HB methods fail.
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Fig. 6. (a) Comparison of the deflection of nonlinear spring v(¢) for various analytical approximations and the numerical integration
solutions for m =10, 4 =5, ¢ = —0.01 and & =2 (k; = 8, k, = 16). (b) Comparison of the deflection of linear spring y,(¢) for various
analytical approximations and the numerical integration solutions for m = 10, ¢ = —0.01 and ¢ = 2 (k; = 8, k, = 16). (c) Comparison of
the displacement of mass y,(#) for various analytical approximations and the numerical integration solutions for m = 10, ¢ = —0.01 and
E=2(ky =8, ka = 16).

For all cases illustrated in the figures, only one period of oscillation are presented. This is because only
conservative, nonlinear free oscillation of the mass—spring system is considered. The periodic solution is
repetitious and deviations of various analytical approximations with respect to the numerical integration
solution are expected to increase as time progresses.

4. Conclusions
In summary, a new method of linearized HB has been developed to construct an analytical approximation

for nonlinear free vibration of a system with linear and nonlinear stiffness. As exact solutions for many
nonlinear oscillation systems are frequently unavailable, the new approach is advantageous because
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approximate analytical solutions can be obtained. An avenue to analytically investigate the steady-state
response of the system is thus possible. This analytical approach does not require numerical integration as it
yields a set of simple, algebraic equations depending on initial conditions. Moreover, these approximate
analytical frequencies are valid for small as well as large amplitudes of oscillation. Unlike the perturbation and
classical HB methods, the proposed method is simple and it also avoids complicated numerical integration.
Furthermore, it does not require a known initial condition at the outset, which is a required condition for all
other numerical methods. Because the initial conditions in many practical cases may not be known a priori,
this method could be more preferable in analyzing certain nonlinear systems. The results concluded that the
third-order analytical approximation provides very accurate solutions with respect to the numerical
integration solutions.
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Appendix A

The third-order analytical approximation is obtained from the quartic equation of in Eq. (35) which is
simplified and presented as Eq. (A.1). Here, ® = w3 for simplicity. It can be solved directly by substituting the
corresponding coefficients of Fourier series in any symbolic softwares such as MATHEMATICA. The
Fourier-series coefficients as; 1, b2+ 1, €25 dog+ 1), €2 and fo; for i=0,1,2,... in Eqs. (A.1)-(A.3) can be
determined from Egs. (15) to (20) where v;(t) = A cost is replaced by v,(7) given in Eq. (30). The respective
relations are presented in Eqs. (A.4)—(A.28):

-2 [(9&)200 — WPy — WP cq + Y0P + W’ dy — WP dy + 307ds — wey + e
+ w’es — w’es — fo+[r+f4—f6) Qwicr — 1607 cs — 2507 cs + 3w dr — 2w ds
— 5w’ds — ey + w’es — f5 +f6) + (—w2c0 + 8w?er + 9w’ ey + 2w dy + 3w’dy
+ w’ey — wey +71 —f4) (—9w200 + 25wy — 9w’ + 25w ¢cs + S dy — 3w dy
+ 50’ds + ey — wer + wes — W es + fo — o + o — f5)] [(@Pas + bs) (90*cs
— 160w’cs — 25w ¢ce + 3w’ dy — 207ds — 50°ds — w’er + wes — 5+ f)
+ o’a (25w260 — 9w’y — YW g + 25wt + 3wPdy — 3w’ds + 5w dy) — w ey
+ w’ey + wles — wle —fo+/f2+Ss —flo) + by (25w200 — 9wcy — YwPeg + 25w ¢
+30’dy — 3wdy + Sw’diy — w'ey + wler + wies — wieig — fo +fa+fs —f10)]
+2[(0%as + b3) (90’ cr — 1607 cs — 25w ce + 3w ds — 20°dy — Sw’d — wer + v eq
—f2+f) + 0*a1 (=907 ¢y + 2507 ¢y — Yw’cs + 25w cs + Sw*dy — 3wids + Swids
+ wley — wPes + wieg — wieg +fo—/> +f6—f8) + bl(—9w260 + 25w%c; — 9w’ cs
+ 25w cg + 50’ dy — 3w’ds + 507dg + w’ey — wPes + wleg — w ey +fo—Sf2+Ss
—f) ][O’ cs — 160’ cs — 25w%cs + 3w’ dy — 2wdy — Sw’ds — w*es + wes — fH+f)
x (9w’ cr — wres — WP + 9w’ ey — 303ds + wrdy — > de + 3wrdy — v er + wres
+ wles — weg —fr+ 4+ 1 __fg) + (—w*co + 8w?er + 9w ey + 2w dy + 3w’dy
+ w’ey — wes +fo —f4)(25a)2€0 — 9w’y — YwPeg + 25w 1o + 3wPdy — 3w dy
+ 5w7d1) — wieg + w¥er + wies — wie — fo +f2+fs—10)] = 0. (A.1)
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The constants x, and x5 in Eq. (34) are derived in terms of the coefficients of Fourier series as follows:

x(A) = — [2w2a3(9w2cz — 16w%cs — 25w°ce + 30*dy — 20°dy — 50*dg — e
+ w’es —fo+fe)+ 2b3(9w2cz — 16w°cs — 25w ¢ce + 3> dyr — 20°ds — 507 dy
— wler + e —fo+fe)+ 2w2a1(—9w2c0 + 25w% ¢y — Yweg + 25w ¢y
+ 50°dy — 30°ds + 50°ds + w*ey — ey + wPes — w es +fo—f2+fo—13)
+ 2b1(—9w200 + 2507 ¢; — 9w’ e + 2507 ¢cs + 5w dy — 3wtds + Swids + w ey
— ey + wPeg — ey +fo —fr+fo — )/ [O0cy — w*cy — w*eq + Y’ cs
+ 0*dy — *dy + 30°ds — w*ey + ey + wPeq — P es — fo+f2+ 4 —fo) 90 e
— 1607 ¢y — 25w cs + 30°dy — 20°dy — S0’ds — w*es + wes — fr 4+ f¢) + (—w’co
+ 8%y + 9’ cs + 207 dy + 30’ ds + ey — wes +7/ —f4)(—9a)260 + 250% ¢,

—9w*cs + 25w cs + Swdr — 3wPdg + Swids + wPey — wres + wies — wres +fo

—fotfe =[]
and
x3(4) = — Qw’a; + 2b; — w*coxs + 8w crxs + 9w’ caxs + 2w drxs + 3w dax;
+ wepxy — wresxy + fox2 —f4x2)/(—9w202 + 16w%cs + 25w%cs — 30°dsr + 20*dy
+ 50%dg + w*ey — e +15—f6)
where

. A4+ 34726 — 3Ax1z6 + 6x3z¢)
1= - s

4
o O[—A’ze + 3x3ze + x1(4 + 64 ze)]
3= 4 5
ge — 75Ax1ze(A — x1)
5 = 4 5
by — A4 + 34% — 3A4x1e+ 6x7¢)
1 - 4 b
, WA A’e — 3x3e — 2%, (2 + 34°0)]
3 =

4 b

3Ax1e02(A — x1)
b5 = — 4 s

co=2+ 3/]228 + 3x%zs,

_ 3Aze(A — 2xy)

2 3 >

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A7)

(A.8)

(A.9)

(A.10)

(A.11)



S.K. Lai, C.W. Lim | Journal of Sound and Vibration 307 (2007) 720-736

¢4 = —3Axze,
3xize
©="5

cg =c10 =0,

dy = —6Aze(A — 2x1),
dy = 244xze,
de = —le%za,
dg =dyp =0,

ey = —6Aze(A — 2x)),
eq = 484x ze,
e6 = —54x7ze,

ep =eg =ej9 =0,
fo= (2 + 34 + 3xf8> wg,

3Aecw?(A — 2x1)
oms—

fa=—34x 107,

3xtew?
fe="%"
Sfs=S10=0,
/~1=A+x1.
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